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Abstract 

It is shown that the Scherk-Schwarz reduction of M-theory in the Berman- 
Perry duality invariant formalism to 6 and 5 dimensions reproduces the known 
structures of gauged supergravities that are normally associated to non-geometric 
compactifications. The local symmetries defined by the generalised Lie deriva- 
tive reduce to gauge transformations that exactly match those given by the 
embedding tensor of gauged supergravity. 
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1 Introduction 

The low energy limit of M-theory is eleven dimensional maximal supergravity. When 
dimensionally reduced this theory possesses various duality symmetries depending on the 
dimension of the internal space and it's geometry. Toroidal compactifications of maximal 
supergravity from 11 to 11 — n dimensions lead to maximal supergravities with E n ^ as a 
global duality group and abelian U(l) ny as a local group where ny stands for the number 
of vector fields. These theories have been studied extensively in the past 30 years and after 
a great deal of work [H EJ [3j EJ |5j [6] it was concluded that the so-called gaugings are the 
only consistent supersymmetric deformations of these theories. However, in general not all 
gaugings of supergravities can be found as dimensional reductions of eleven dimensional 
supergravity. The so-called non- geometric gaugings do not correspond to any choice of 
internal manifold (for a review see of gauged supergravities see [7]). 

A similar situation occurs when one considers backgrounds of string or M-theory. 
Due to the U-duality invariance of the theory one can introduce a background whose 
patches are connected by transition functions that are elements of the U-duality group. 
These backgrounds are the so-called U-folds or non-geometric backgrounds and cannot 
be described in terms of ordinary manifolds and Riemannian geometry[8l [9j [10]. The 
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dimensional reduction on the non-geometric backgrounds was extensively explored for 
years, see for instance [IT] [121 H3J EEH EES] HI ELY] and more recently [HJ [TO] - 

The recently developed framework of extended geometry where the space is auge- 
mented includes both geometric and non-geometric descriptions on equal footing. This 
is done by introducing the so-called dual coordinates that correspond to winding modes 
of strings or membranes. In the stringy case the duality group is 0(d,d) and the space 
is just doubled giving the name of Double Field Theory [13 |2Q1 ED E21 1231 12H 125] ■ In 
M-theory the situation is a little bit more subtle since the duality group jumps with 
dimension [26], [27] [28] [29] [30] EU [32] . In dimension d one has the group Ed as a duality 
group with the identification = SL(5) and E 5 = SO(5,5). The dimensions d > 8 
are not fully understood since they correspond to the infinite-dimensional Kac-Moody 
algebras E 9 , E w and En [33]. The U-duality covariant metric of the M-theoretic gen- 
eralised geometry was described in [26] [M] and it's applications were considered in [35] . 
The extended space of the generalised geometry does not admit a usual Riemannian ge- 
ometry [35] [37] [3S] ES] ED] but something that "generalises" these structures. One cannot 
consistently construct a supersymmetric version of the extended geometry in an ordinary 
way because of the dimensionality of the extended space; in generalised geometry, where 
one only extends the tangent space then the supersymmetric description has recently been 
described [UJ . For double field theory, progress has been made where one uses projectors 
on appropriate subspaces [32] 03] HU H5] 

The idea of dimensionally reducing on a non-geometric background becomes very nat- 
ural in the context of extended geometry. Non-geometric fluxes become purely geometric 
from the point of view of the extended space. The relationship between the generalised 
geometry and gauged supergravities has been explored in [16] H7J HU H9] and involves the 
Scherk-Schwarz reduction [5U] of the extended space. 

An important feature of the generalised geometry is a constraint called the physical 
section condition or strong constraint. This condition reduces the number of dimensions to 
only physical ones and is required for consistency of the algebra of local transformations. 
In particular, it is needed to make the effective potential invariant under local gauge 
transformations. In general, the consistency of the theory requires all dynamical fields to 
obey the strong constraint. This in turn means that the generalised geometry approach 
is just a rewriting of the supergravity in terms of duality covariant variables. 

As it was shown in [16] H7J HH] for backgrounds that satisfy an appropriate Scherk- 
Schwarz anzatz this constraint is not necessary. The local transformations generated by 
a Dorfmann or generalised Lie derivative reduce to gauge transformation. The gauge 
group generators are written explicitly in terms of the Scherk-Schwarz twist matrices 
and are identified with the embedding tensor of gauged supergravity. The closure of the 
algebra and the gauge invariance condition on the structure constants give the quadratic 
constraint that replaces the section condition. 

In this paper we work in dimensions d — 5 and d = 6 that correspond to the global 
duality groups SO (5, 5) and #6(6) respectively. Scherk-Schwarz reduction of the extended 
space leads to the gauge group generators of D = 6 and D = 5 maximal gauged super- 
gravities with D = 11 — d. Finally, the effective potential of the generalised geometry 
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that involves the generalised metric and it's derivatives becomes the scalar potential of 
the corresponding maximal gauged supergravityr. We show that the effective potential 
can be written only in terms of the gauge group generators and it is invariant under gauge 
transformations. 

This paper is organized as follows. In section 2, we review the generalised geometry 
for M-theory it's local symmetries and physical condition. In section 3, we look at the 
Scherk-Schwarz reduction of the extended space and its relation to the embedding ten- 
sor. In section 4, we briefly review five and six dimensional maximal gauged supergravities 
their algebraic structure and scalar potentials. Notations for indices, coset representatives 
and invariant tensors are mainly introduced in this section. Finally in sections 5 and 6 we 
derive the algebraic structure of the Scherk-Schwarz reduced generalised geometry, per- 
form the reduction of the action and identify the resulting potential. The short appendix 
with some details of calculations and properties of the corresponding algebras is included 
at the end of the paper. 

2 Generalised geometry 

The duality manifest formalism is based on the notion of an extended space. This 
space unifies ordinary coordinates and the so-called dual coordinates that correspond to 
winding modes. Such an approach allows to put both translational and winding degrees 
of freedom of extended objects on the same footing. 

The invariant dynamics is constructed using the generalised metric that is given in 
terms of the background supergravity fields. Each field that is consistently defined on 
the space in which the U-duality acts has corresponding dual coordinates. In the string 
theory case the NS-NS Kalb-Ramon field that couples to a string leads to d dual 
coordinates if U-duality acts in the rf-dimensional space. This leads to the 0(d,d) 
covariant theory that is known as the double field theory. 

The M-theory case is more tricky since the duality group is different in different 
dimensions. 



d 


Global duality group 


Local duality group 


4 


SL(5) 


SO(5) 


5 


50(5,5) 


SO (5) x SO (5) 


6 


Eq 


USp(B) 


7 


E 7 


Sp(8) 


8 


Eg 


S0(1Q) 



There are two main reasons for such a behaviour. The first is that fundamental objects of 
M-theory are known to be 2- and 5-branes. That is for d < 5 the 5-branes doesn't play 
a role and their winding modes do not contribute. The other reason is that the number of 
winding modes for a 2-dimensional object in d compact dimensions is given by d(d — l)/2. 
Compare with the stringy case where the number of dual coordinates is always d for d 
compact dimensions. 
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A key geometric structure on the extended space is the generalised Lie derivative. It is 
defined by the Dorfmann bracket that is a natural product of elements of the generalised 
tangent bundle [5Tl 152] . 

Consider an extended space S with coordinates X M labelled by index M that runs 
from 1 to ny, where ny is a number of vector multiplets in the corresponding SUGRA that 
is always equal to the dimension of S. We will ignore the other space-time coordinates 
that do not have duals. 

The transformation of tensors that is consistent with the Courant bracket [ , ]c is 
defined by the generalised Lie derivative 

(£sQ) M = (LxV) M + Y*? L N d N Z K Q L , 

1 (2-1) 
[VuV 2 ]c = -(C Vl V 2 -C V2 V 1 ). 

Here both the transformation parameter S M and the vector Q M are functions of the 
extended coordinate X M and the tensor Y^l * s an invariant tensor of the corresponding 
U-duality group and it is basically a projector [53] : 



(2.2) 



Hence, the generalised Lie derivative £s is a deformation of the ordinary Lie derivative 
Lj> The deformation is given by the invariant tensor Yjf^ 1 that is subject to various 
important relations that will be used later 
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50(5,5) : 


\rMN 
I PQ 




-^6(6) : 


\rMN 
I PQ 


= 10d MNR d PQR , 


^7(7) : 


V MN 
I PQ 


= \2c MN PQ + 5f5 N Q ) + \e MN e PQ 



Y {MNyL)R _ y(MNrR) _ Q f , 
1 KL 1 PQ 1 PQ °K — u J 1UI n — d > 

Ykl N = -*nP K M L N + PJ%8 N L + 6?6», (2.3) 
Yi?B A Y^ = (2 - aJY™ + (Df3 n + a n )f3 n 5%6» + (a n - 1)5?5$. 

Here Pa b c D is the projector on the adjoint representation of the corresponding duality 
group. It is defined as Pa b c D Pd c k l = Pa b k l and Pa b b A = dim(adj). The coefficients 
a n and (3 n depend on the duality group and for the cases in question take numerical values 
(a 4 , AO = (3, |), (a 5 , ft) = (4, |), (a 6 ,/3 6 ) = (6, |). The last line in (Q with D = 5% is 
a direct consequence of the second relation and the properties of the projector. The first 
line is true only for n < 5 and the relevant identity for E^rg\ duality group reads 

10Pg<VWV - Pr {M s N S$ - \d MNP d QRS = (2.4) 

The invariant tensor plays very important role in the formalism of the generalised 
geometry providing closure of the algebra of the generalised Lie derivatives. The closure 
constraint reads 
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where the RHS is in general non-zero. The so-called section condition assures that the 
algebra is closed i.e. F = and can be written as 

Yg L N d M • d N m = 0, (2.6) 

where • denotes any U-duality covariant expression. The Jacobi identity holds up to the 
section condition as well. 

The generalised metric is a dynamical field of the theory and along with it's derivatives 
contributes to the effective action [3"Tl I2"3"] . This action transforms as a scalar only if the 
section condition is satisfied. In the next sections we show that the Scherk-Schwarz re- 
duction of the theory to five and six dimensions is consistent without the section condition 
constraint in the form in which it was formulated above. 



3 Scherk-Schwarz reduction 

In contrast to the Kaluza-Klein reduction here the dependence on internal coordinates 
is hidden in so-called twist matrices W A g(X) that are subject to various constraints. For 
the case at hand we consider the whole extended space as an internal space and let the 
remained n-dimensional space to be whatever it wants to be: 

Q A {X M ,x {n) ) = W A § (X)Q B (x (n) ). (3.1) 

From now on we will not include the dependence on xr n ) since it doesn't play role in the 
generalised geometry formalism. The barred indices are the twisted ones (flat) and the 
unbarred are the untwisted ones (curved). To simplify notations we will use the unbarred 
indices for the flat space in cases where this does not confuse. 

The important feature of the Scherk-Schwarz reduction is that it allows non-abelian 
gauge groups. Local transformations of the initial theory that are given by the generalised 
Lie derivative (12.11) become gauge transformations 

hQ A = (C*Q) A = W A S X RL B E R Q L . (3.2) 

The coefficients X MN K are assumed do be constants whose exact from depends on the 
geometry of the extended space. These structure constants can be written for the general 
case as follows 

X AS C = 2W c C d [A W B] c + Y^W c fI d D W A c , (3.3) 

where the antisymmetrisation includes the factor 1/2. One should note that in the case 
of generalised geometry these "structure constants" are not antisymmetric. 
We recall the closure constraint (12. 5p 

£[x 1 ,x 2 ] c Q M ~ [£xi)£x 2 ]Q = -Fq 1 '■ ( 3 - 4 ) 

Assuming that Xmn K is constant this becomes 

2 (Xab° — Xae C ^ ^ce G — Xbe C Xac G + ^ae°^bc G = • (3-5) 
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If we define Xmn k = (Xm)n K this can be written in the suggestive form 

[X A , X b ) — — X[£b] ■ (3.6) 

This allows one to interpret the structure constants as the components of the generators 
Xm of the algebra of transformations 

hQ A = X RL S E R Q L . (3.7) 

By making use of the closure constraint (13.61) we find the Jacobiator 

(3.8) 

where c.p. denotes cyclic permutations. The right hand side of this equation is the Jacobi 
identity of the antisymmetric part X[mn] K projected into the algebra generator. For the 
consistency of the algebra the right hand side should vanish. We emphasise that the 
Jacobi identity for X[mn] K needs only to hold after the projection. 

We need Xmn k to be not only constants but also invariant objects under the local 
symmetry transformations. As it will be shown later it is necessary so that the reduced 
action does not depend on the internal coordinates and transforms as a scalar. According 
to its index structure Xmn K transforms as 

5vX AB C = Z E {[X E , X A \ B G + X EA D {X D ) B C ) . (3.9) 

This leads to the final quadratic constraint on the structure constants 

[X A ,X B ] = -X AB C X C . (3.10) 

We conclude from this constraint that the symmetric part Z MN K = X^ MN ^ K should vanish 
when projected into a generator 

Z AB e X e = 0. (3.11) 

The quadratic constraint (I3.10p on it's own is enough to ensure that the Jacobiator 
vanishes and the algebra is closed. This can be seen by considering the Jacobi identity 
for the commutator appearing in (I3.10p . 

4 The embedding tensor formalism in gauged super- 
gravity 

Toroidal compactification of eleven-dimensional supergravity gives rise to maximal 
supergravities in D = 11 — d dimensions which admit a global G = Em a) duality (or 
Cremmer- Julia) symmetry. These theories allow SUSY preserving deformations, known 
as gaugings, in which some subgroup of the global E d u) symmetry is promoted to a 
local symmetry. The resultant gauged supergravities have non-abelian gauge groups and 
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develop a potential for the scalar fields. A universal approach to gauged supergravities is 
the embedding tensor (for a review see [7J) which describes how the gauge group generators 
are embedded into the global symmetry. Treated as a spurionic object the embedding 
tensor provides a manifestly G covariant description of the gauged supergravities. 

In addition to the global E d r^ symmetry the toroidally reduced theories also posses 
a global M + scaling symmetry known as the trombone symmetry (this is an on-shell 
symmetry for D ^ 2). This gives rise to a more general class of gaugings whereby a 
subgroup of the full G x M + is promoted to a local symmetry. The embedding tensor 
approach was extended to incorporate such trombone gaugings in [6]. 

In this paper we consider D = 6 [I] and D = 5 [3] cases for which the vector fields 
of the un-gauged/abelian theory are in the spinor representation 16 of 50(5,5) and 
the fundamental representation 27 of i?6(6) respectively. For further reference we denote 
these representations as IZy The gaugings are specified by the embedding tensor 0^- 
that projects generators t a of global group G g) IR + to some subset X M = ®M a ta which 
generate the gauge group and enter into covariant derivatives: 

D = V - gA M X M . (4.1) 

According to its index structure the embedding tensor is in the TZy x Ttadj represen- 
tation, where 1Z a dj is the adjoint representation of the global duality group. In general it 
decomposes as 

Q a M en v ® n adj = n v ®... (4.2) 

The preservation of supersymmetry gives a linear constraint restricting the embedding 
tensor only to 

9 M Q e 1Q S © 144 c , for D = 6 

4.3 

6 M Q e 27 351, for D = 5. 

The trombone gauging that is always in the representation IZy corresponds to the on-shell 
symmetry and doesn't appear in the action. The scalar potentials written further below do 
not include the trombone. In the next two subsection we briefly review the structure of the 
scalar sector of the maximal gauged supergravities in D = 5, 6 and introduce expressions 
that we need for the further sections. Since the review is very brief and doesn't cover all 
the details we refer the reader to the relevant papers [3], HI [6] and [7]. 

4.1 D = 6 supergravity 

Maximal supergravity in six dimensions is invariant under the global duality group 
5*0(5,5). The representation IZy is now the spinorial representation 16 s of 5*0(5,5). 
We let the capital Latin indices run from 1 to 16 labelling this representation and the 
small Latin indices run from 1 to 10 labelling the 10 representation of 50(5, 5). Then the 
components of the projected generators Xm can be written in the spinorial representation 
as 

XmN K = {Xm)n K = ®M a ta = @ M K '(r \j) N K ', (4.4) 
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where T^- = T^r^ and Tj are 16 x 16 gamma matrices in the Majorana representation. 
This means that they are real and symmetric 

T MN = T NM_ (45) 

As it was shown in jl] and [6] the gauge group generators are given by 

X MN K = -6 lL V LM (T l3 ) N K - ^{T^) M L {Y l3 ) N K 6 L - 9 M 5 N K . (4.6) 

The generators are only written in terms of the gauging 9 lM G 144 and the trombone 
gauging 6 M £ 16. The symmetric part Z MN K = X^ MN ) K then reads 

rv K T-l ryiM rviM _ QlM * TttM 'N Q (A <7\ 

^>MN — J- iMN ^ , & — —f — -1 up?. (4. /J 



Since the gauging 6 lM is in the 144 representation it satisfies the linear constraint 
O lM TiMN = 0. 

Scalar fields of the theory are elements of the coset space 50(5, 5)/50(5) x 5*0(5) 
that can be conveniently parametrised by 5*0(5,5) valued 16 x 16 matrices Vu aa [55] . 
It's inverse is defined by 

V M a& V N a& = 6 M N , V M a& V M ^ = Sffi. (4.8) 

Here the dotted and the undotted small Greek indices run from 1 to 4 and label the spinor 
representation 4 of each 50(5) in the coset. 

In the absence of the trombone gauging the scalar potential can be written as 

V scalar = /Tr (t*T & - ~TT ) , (4.9) 



2 

where tilde denotes transposition and the T-tensors are given by [I] 

(T a ) a " = Vi & O iM V M a ™ 

T = T a 7 a = —T h ^ h . 

Here the hatted small Latin indices label the vector representation 5 of 50(5) and dots 
again distinguish between two 50(5) 's in the coset. The gamma matrices r y a and 7° 
are 4x4 chiral gamma matrices whose vector indices are contracted without raising and 
lowering. The 10 x 5 matrices V are defined as 

V, a = ^V M oA {??)J i Y i MN V N p & , 

16 (4.11) 



Va Tf aaf.a} fl-p MN\r 



According to the quadratic constraint the dotted and the undotted T tensors are not 
independent and satisfy 

Ta r~pa rpd rpa { A 1 o\ 

oca-*- ftp — aa-L pp- V*-*-^) 
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4.2 D = 5 supergravity 

In five dimensions the global duality group of the maximal supergravity is i?6(6) that is 
the maximal real subgroup of the complexified Eq group. The representation IZy in this 
case is given by the 27 representation of £^(6) an d the capital Latin indices run from 1 
to 27. The corresponding invariant tensor is a fully symmetric tensor cImnk that satisfies 
the following identities 

d MPQ d NPQ = 5 

Mi 

dMRsd SPT d T Nud URQ — Jq^(m^n) ~~ ~^d M NRd RQP ', (4-13) 

A ASQTj jUPV j jWRN _ 3 riV 

"MPS" a TRU a UVQW a — _ JO 

The linear constraint implied by supersymmetry restricts the full embedding tensor 
9m° to the 27 ©351 representation of E^y In the absence of the trombone gauging the 
embedding tensor reads 

B M a = Z p Q(t a ) R s d RKL d MNK d SQL . (4.14) 
The symmetric part of the gauge group generators Z MN K = Xt M m K is then given by 

Zmn K = duNhZ KL , Z KL = Z KL — —d KLM 0M- (4-15) 

A non-trivial relation among the generators of EWe) that follows from the last line in (12. 3p 
is 

(t a ) M K (t a ) N L = ±.6*6% + U L M 8% - \d MNR d RKL . (4.16) 

18 O 6 

Scalar fields of the theory live in the coset space E 6 ^ 6 y/USp(8) and can be parametrised 
by the scalar matrix Vm^ with small Latin indices labelling the 8 representation of USp(8). 
The scalar matrix Vm %3 is antisymmetric in ij and satisfies Vm^^ij = 0, where flij = —Qji 
is the symplectic invariant of USp(8). Thus, the scalar matrix has 27 x 27 components 
and it's inverse is defined as 

V M ij Vij N = $m 

v i3 M v M kl = 5 {j kl - in^-n". (4 ' 17) 



The matrix V can be used to elevate the embedding tensor to the so-called T-tensor 
that is USp(8) covariant field dependent tensor. We need this tensor since it appears in 
the scalar potential. The convenient relation to be exploited below is [3] 



V P 1 1 mn-\ i kl-\ j P 



(4.18) 



The tensor T klmn ij belongs to the 315 representation while T l ji m is in the 36 © 315. It 
is possible to write these two tensors in terms of two pseudoreal, symplectic traceless, 



9 



tensors A x ij G 35 and A 2 Ljkl G 315 as 

rpkimn,, = 4A 2 q ' lklm 5 n \iQ j]q + 3A 2 p ' q[kl Q mn] Q p[i Q j 



Ti M = -tt im A 2 ( m > j)kl - tt im (tt^A^i + n j[k A x l]j + ^fi fe % m ^ 



(4.19) 



Tensors A l and A 2 satisfy A^ = 0, A 2 i ' jkl = A 2 1 ^ and A 2 [i ' jH] = 0. The scalar 
potential then can be written as 



Vscalar 9 



31^' | 2 - -\A 2 ijkl \ 2 
3 



(4.20) 



where I I 2 stands for the contraction of all indices. 



5 Algebraic structure 

The general form of the structure constants Xab C is always the same and is given by 
(13. 3p . Under a particular U-duality group these split into certain representations that 
depend on the duality group and are identified with gaugings. In this section we give an 
explicit derivation of the embedding tensor and all gaugings starting from Xab c in it's 
general form. 



5.1 50(5,5): reduction to 6 dimensions 

Maximal supergravity in 6 dimensions possesses a global duality group £^5(5) = 5*0(5, 5). 
The local group of the theory is SO (5) x SO (5). Thus the target space of scalar fields of 
the theory is given by the coset 

^(5,5) 

SO(5) x SO{5)' 1 ; 

The corresponding extended space of the generalised geometry has 16 dimensions and the 
representation IZy appears to be the spinorial representation of 50(5,5). 

The invariant tensor of the duality group is given by the contraction of two gamma 
matrices in the Majorana representation 

Y KL = Y iKL " ' > 

that are thus symmetric and real. Here capital Latin indices run from 1 to 16 and small 
Latin indices run from 1 to 10 labelling the vector representation of 50(5, 5). Generators 
of the duality group in the spinorial representation are used to define the projector with 
correct normalisation 

Pn M l K = -^) N M (T l] ) L K . (5.3) 

All gaugings of the maximal supergravity appear as components of the structure con- 
stants (or the embedding tensor). Start with the trace part 

X S n R = ^dcWg + Wgd u Wg =: -160*. (5.4) 
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By making use of the algebra of gamma matrices the symmetric part of the gaugings can 
be extracted as 

■X-(AB) — 1 iAB^ , 

Z lC = -T jCD G 1 l d D G i \ 
4 

where we defined the twist matrices in the vector representation in the following way 

T iAB G J = V 3CD W _A W _B (56) 

According to it's indices the gauging Z lB is in the 16 © 10 = 16 © 144 representation of 
5*0(5, 5). Separating the 16 part of the gauging we obtain the trombone gauging Q M 

Z m T iMN = -40*. (5.7) 

What is left lives in the 144 representation and is defined as 

giM = _ Z iM _ 2 T iMN dN (5 g) 

5 

After some algebra (see Appendix A) the structure constants can be rewritten in terms 
of only these objects 

X MN K = -e tL V LM (T tj ) N K - ^(T^) M L (T t:i ) N K 9 L - 5§6 M . (5.9) 

This has the same structure as the embedding tensor of the maximal supergravity in 6 
dimensions 

X MN K e 16 © 144. (5.10) 
with gaugings explicitly written in terms of the twist matrices as 

t __- 5 (5-H) 

~ ~~ 16 jAN^i D Lxi . 

It is straightforward to check that the second line here is the same as ( 15.41) using the 
definition of Gi and the relation 

Gfd A Gf = l -V nR % C KWc C d A W B c . (5.12) 

5.2 ^6(6) : reduction to 5 dimensions 

In five dimensions vector fields of maximal supergravity transform in the 27 represen- 
tation of the global duality group ■ The scalar fields transform non-linearly and are 
parametrised by elements of the coset 

us P (sy [bA6) 
ii 



The group U Sp(S) is the R-symmetry group of the theory. 

The U-duality invariant formalism of the generalised geometry provides the extended 
space to be 27 dimensional and the generalised vector indices A,B... label the 27 repre- 
sentation of i?6(6)- The invariant tensor is given by the i?6(6) symmetric invariant tensor 

dMNK 

Y^ s N = 10d MNK d KRS , (5.14) 
that is subject to the following useful identities 

d UPO d Npe > = 5 N 



MPQU — °Mi 

]]j S (M 6 N) ~ T- a MNR.a-*- , (5.15) 



dMRsd SPT dTNljd UR ® — T^SnurSns — —dMNTfd R ® P 



j jSQTj jUPV j jWRN _ riV 

"MPS" a TRU a u>VQW a — — 10 

The trace part of the structure constant is identified with the trombone gauging 9m and 
reads 

Xmn" = 9d c W^ + WSOmWS = -219m- (5.16) 

The intertwining tensor is given by the symmetric part of the structure constant Zmn K — 
X(mn) K and is parametrised by the tensor Z MN in the 27 © 351 

Zmn K = dMNRZ RK (5-17) 



Taking the symmetric part of (13. 3p and by making use of the identities (I5.15P we have for 
the symmetric part 

£MN = 5d MKL W CQ RW N (51g) 

that has the same structure as (15.51) if one notices that 

Wjgd AgL = d MKL W§ W£ (5.19) 

since the twist matrices interpolate between the barred and the unbarred indices. 

Subtracting the part of the tensor (I5.18P that is symmetric in MN we are left with 
the gauging in the 351 and the trombone gauging 

r?MN _ gMN _|_ jj jMNKq^ 



2 (5.20) 

e N = 5d MBL dM _ RW L d _ w N_ 

Thus the structure constant Xmn k is in the 27 © 351 representation of £^6(6)- 



6 Scalar potential 

The effective potential V = V [M ab^k^ ab) after twisting should become the scalar 
potential for the appropriate gauged SUGRA. It appears that one must add an extra term 
of type 

YA*d A Egd B EgF°, (6.1) 
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where Eg is a generalised vielbein and <5~ is the Kronecker delta. It can be always 
added to the action since it is zero up to the strong constraint. This term is necessary for 
two major reasons. Firstly, this term allows to write the action in terms of the structure 
constants Xmn K ■ Secondly, this terms provides the action that is invariant under gauge 
transformations (13. TP . This is very important since we have the strong constraint relaxed 
in the whole formalism and in order to have the action still invariant we have to add extra 
term with a particular coefficient. 

6.1 D = 6 supergravity 

The effective action in six dimensions is given by (31] 

V eff =±-M MN d M M KL d N M KL - ]-M MN d N M KL d L M NK + 

ib 1 (6.2) 

+ -^-M MN (M KL d M M KL )(M RS d N M RS ) - l -Y™ L N d M E e K d N E n L 5* & . 

1 t Zo Z 

Here the 16 x 16 matrix Mkl is the generalised metric and it is written in terms of the 
metric g^ v and the RR 3-form field C m p 



M= — 



where the small Greek letters here run from 1 to 5 and 



(6.3) 



yap = y a ^p C ^ ^ = C^V". (6.4) 

The matrix Ejc a is the vielbein for Mmn = -E-M 6 -£'Af"^eE: arid the capital Greek indices 
run from 1 to 16 labelling flat spinorial indices. 

For the convenience of notations we define the object 

fAB° = Wgd A W§. (6.5) 

From now on we assume that the trombone gauging vanishes and that the matrix Mmn 
is unimodular. The latter can be always arranged by rescaling the generalised metric 
by g. The only effect this has on the action is change in the coefficients of the terms 
proportional to derivatives of the determinant. Summarising we have 

9 M = 0, detW = 1, 

f AB A = 0, f AB B = 0, (6.6) 
d c W<i = 0. 

Hence, the effective action is given by 

V eff = V 1 + V 2 + V 3 + SC, (6.7) 
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where 

yr _ 1 M MN f Lr P , M MN r LrP 
y\ — —a M JNP J ML + J" J MP JLN , 
o 

\r A/f M7V f LrP 

V2 — ~ M JPM J LTV , 

2 ^ (6.S 

V 3 = M MN M KL M RS (^f MK R f NL s - ^o/k 5 ' 

By integrating dp and 9^ by part in V2 it can be shown that this term is zero up to a full 
derivative. To proceed further and to be able to use gamma matrices algebra we need to 
define objects in the vector representation 

/a/ = -(Tj l )K L f'AK L , 

mij P AB = T lRS M RA M SB , (6.9) 
Xm^ = -^(^/)k L Xml K 
By making use of these definition it is easy to rewrite the part V3 as 



V 3 = -(T b T n ) N \j K i / JVm 6 m im m in Af , 



1 

4 l 

±X Ml iX Nk l M MN m* k mjl = ±X MR K X NS L M MN M RS M KL . 



(6.10) 



If one notices the relations 



Y-RL \r S Q ~v L 

SM^KR — —i^KM > 

\rKA v B o v K 1 v K 
Y BL^AN —oA.NL + A-LN 



(6.11) 



that follow from (I5.9P and the last line of ( 12. 3 \ then the term V\ of the effective action 
can be written as 

Vx = -\x MK L X NL K M MN . (6.12) 

o 

Finally, the effective action can be recast in the following form 



32" 



V eff = ~-X MK L X NL K M MN + -X MR K X NS L M MN M RS M KL . (6.13) 



We identify the generalised metric Mmn with the unimodular matrix of [4] that is defined 



as 



M M N = V M a& V N Wn a ptt^, (6.14) 

where VL a p and VL^p are the symplectic invariants of Spin(A) corresponding to each SO (5) 
in the coset. These matrices are antisymmetric Q a p = — VLp a and are used to raise and 
lower spinor indices Qa^fl 13 ^ = 5 a ^. 
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The action ( 16 . 13[) reproduces exactly the scalar potential for maximal gauged super- 
gravity in D = 6 dimensions up to a prefactor 



8Tr 



nnarpo, 



-TT 
2 



8K 



calar- 



(6.15) 



The effective action ( 16 .131) is invariant under transformations (13. 7\\ because of the 
quadratic constraint (I3.10P (see Appendix B). 



6.2 D = 5 supergravity 

The low energy effective action for the £g(6) invariant M-theory has the same form as 
in the 5*0(5, 5) case up to coefficients [31] 

±-M MN d M M KL d N M KL - \ 

19 1 (6 ' 16) 

+ ^M MN (M KL d M M KL )(M RS d N M RS ) - ^ L N d M E Q K d N E s L 6 se . 

We again add the term proportional to the section condition that includes the vielbein 



V eff =^M MN d M M KL d N M KL - -M MN d N M KL d L M NK + 



f e i — L P in.. . l e isrj i l e i3(7 
E n A = (dete)- 1 / 2 [ e^e" 9 ^ " -^ h e^ h V^ |, (6.17) 



(dete) 



-lp*3 
>3 



where the capital Greek letters now run from 1 to 27, the small Latin and Greek indices 
run from 1 to 6 labelling curved and flat space respectively. The fields U and V ij '* are 
defined as 

TT — _ Ajklmn /-» 

^ ^ijklmni 

6 i (6-18) 

■irikl iklmnj s~i 

Here the 6-form field Cijkimn is a new field that was not present in the previous example 
because the dimension was lower than 6. 

Using the same notations for fuN K as in the previous subsection and setting det M — 1 
and 9m = we have for the twisted effective action 



V ef f = V x + V 2 + V 3 + SC, (6. 19) 



with 



rr _ i M MN f L f P 4- M MN f L f P 

V\ — ~~^2 •' NP ^ ML •' MP •' LN ' 



V 2 — -1V1 Jpm JLN , 

= M MN M KL M RS (±fMK R fNL S - ^/,M R k ; 

= Y??f UR K f NS L M RB . 



(6.20) 
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Again the part V2 is the full derivative and can be dropped. 
It is straightforward to check the following identities 

Y SM X KR S = ~5X KM L , . x 

V KA V B _ v K 1 a v K yO.Al) 

The analogue of the second line of (16.91) is 

M MN d NKL = d MNR M NK M RL (6.22) 

and implies that the indices of the invariant tensor are raised and lowered by the gener- 
alised metric. This is in agreement with the definition of the unimodular matrix 

M MN = V M i3 VN k %k^i (6.23) 
and the following representation of the invariant tensor [4\ 

d-MNK = VM^VN kl VK mn QjkQlmQni (6.24) 

if one takes into account the condition Vm^^ij = 0. 

Using the identities (16.211) . the definition (I6.22j) and the last line of (12.31) we deduce 
for the effective action 

V eff = - ^X MK L X NL K M MN + ±-X MR K X NS L M MN M RS M KL + 

12 12 (6.25) 

+ ^X RM K X NS L M MN M RS M KL . 

The action is up to a prefactor equal to the scalar potential of maximal gauged super- 
gravity in 5 dimensions 

Veff = 9 -\A^\ 2 - \\A^ kl \ 2 = ^V scalar , (6.26) 

where the | | 2 stands for the contraction of all indices. To show this one expresses the 
action in terms of the T-tensor by making use the relation (14.181) . Finally, rewriting the 
T-tensor in terms of the A-tensor as (I4.19P and using the properties of the A-tensors one 
obtains the scalar potential of the maximal gauged supergravity 0. We refer the reader to 
Appendix B for the proof that the action (I6.25P is invariant under gauge transformations 
(l3TTj). 



7 Conclusions and Discussion 

The above results show that the idea of Scherk-Schwarz reduction works in detail for 
d = 5 and 6 as well. Thus this work extends [49] where the case d=4 was done in detail 
and the details for other dimensions was only sketched. 

1 We found the computer algebra system Cadabra [56 , 57 very useful in dealing with long calculations. 
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The most interesting point to mention here is that geometry of the extended space 
plays an important role in the picture presented above. It is not just a Kaluza-Klein 
reduction where fields does not depend on internal coordinates. The extended space 
should be a generalised geometry analogue of a parallelisable space so the dependence 
on the dual coordinates should be of a particular form. These constraints match the 
quadratic constraint on the embedding tensor of gauged supergravity. Although there 
are many papers [531 Ell [38] considering geometry of the extended space it is not fully 
understood how to describe this object. In this work we investigate a very particular 
situation but we hope it may contribute to the full picture of the generalised geometry. 
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9 Appendix 

Appendix A: 50(5, 5) gaugings 

While the trombone is obtained in a straightforward way from the gauge group gen- 
erators Xmn K one has to do some algebra to get the remained gauging 9 lM . This section 
is to show how this gauging can be obtained by suitable projections of the gauge group 
generators. 

The gauge group generators Xmn k evaluated in the representation IZy have the form 

XmN K = Q C hl(t a )N K + (^—(t a )M P (ta)N K + ^M^NJ (9-1) 

where t a are the generators of the global duality group and are given by (T^)^. The 
embedding tensor reads 

e M ij = -9 L *r>\ M . (9.2) 

Thus the gaugings can be explicitly separated out by the following contractions 

144 

X M N K {V i j ) K N V jMR = 128 6 m - —T iRS 6 s . (9.3) 

By making use of the first line of the definitions (16. 9p one can show that the generators 
(13. 3 p contracted in the same way give exactly (19. 3p with gaugings defined as (15. lip . Indeed, 
lets rewrite the generators Xmn K using the second line of ( 12. 3ft 

Xmn K = fMN K + nfiij)^ (T^)c B Ibm C + -t^nIsm 3 - (9.4) 

o 4 
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Contracting with the generator and the gamma matrix as in (19. 3p we obtain 

XM^r.k^r^ = (f MN K - Af NM K )(r 3 ) K N v MR (9.5) 

To show that this is exactly (19. 3 p one needs to do some simple algebra and use the following 
identities 

MM L -rjMDr i ^-riMNn 



fAP R = -^iPQ^ jQR fAj' - ^fAB B 5p, 

f *r AB^Jk AnkB , ° r tBC fl , ^- r kABr R 

f A j 1 i V = w + -1 U c + -i- Jar , 
Ycl Iak L = -3/ac B - 2fKA K 5c - 85q9a_. 



(9.6) 



Here the first line is just a rewriting of (15.111) . the second line is a consequence of the 
definition (16. 9 p and the last line here. Finally, the third and the last lines are obtained 
directly by making use of properties of twist matrices. 

Appendix B: Invariance of the action 

In this section we show the details of the proof that the actions (I6.13P and (I6.25P 
are invariant under the gauge transformations (13.71) . In the dynamical picture of the 
generalised geometry the action is invariant due to the section condition. In the Scherk- 
Schwarz reduction of the theory the invariance of the action is assured by the quadratic 
constraint (I3.10p . 

The terms that contribute to the effective actions in d — 5, 6 

v Lv K ti/tMN 

X MR K X NS L M MN M RS M KL} (9.7) 
X RM K X NS L M MN M RS M KL 

are invariant separately. Start with the first term. It's transformation gives 
r (y l y k M mn \— c )Y l y k y m t r m sn _ 

= -2[X R ,X S } K L X NL K E R M SN = -ATi[X R ,X s ,X N p R M s ^ N = (9.8) 
= -2X SN K Tr[X K ,X R ]E R M SN = -2X {sn) k x kp Qx rq p i: r m sn = 0, 



where we used the closure constraint (13.101) in the first line and cyclic symmetry of the 

: (AB) ( 



trace in the second line. The last step here exploits the condition Xiab) C X C k L = 0. 



For the transformation of the second term we have 

5*{X MR K X NS L M MN M RS M KL ) = 2X MR K X NS L X PQ M H P MQ N M RS M KL + 
+ 2X MR K X NS L X PQ M ^ P M MN M QS M KL - 2X mr k X ns Xpk Q Z p M mn M rs M ql . 



(9.9) 
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After relabelling the indices the last two terms can be recast in the following form 



(Xmr K X P q R — X M q R X pr k )X ns L ^ P M MN M QS M KL — 
= (X P X M - X M X P ) Q K Y l p M MN M QS M KL = (9.10) 

= -x pm r x rq k yFm mn m^ s m kl . 

This is exactly the first term in (19. 9p but with the opposite sign. Thus the second term 
in (19.71) is invariant under the gauge transformations. The proof of the invariance of the 
third term is exactly the same. 
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